
Postulate
2 : The evolution of a closeda ②
~

system is described by a unitarytransformation. Specifically ,

the state 14)
of the system at time t, is related to the

statI atteby unay ope
a

2 (4(tu)] =((t
, (n)l4( .37
ttz

*

NB : The assumption of a closed quantum
system is a simplification. In general
quantum systems will interact with

their environment
,

&

F i
· closed



We can write down a refined version
③

of postulate 20.

Pstulate2*: The time evolution of the
state of a closed quantum system

is

described by
the Schrodinger equation ...

it =H ⑰
where

· I is Planck's constant (normally sett = 1)

-
. It is a Hermitian operator called

I
the system Hamiltonia.

If we know the Hamiltonian Binitial state

Hc01) wa can solveG to find 14CH)

for all E.



We can now obtain postulate 2 from ④

postulate 2*...
↳ for simplicity we assume It is time independent...
2) In this case we can solveto obtain

# It(t) = e

- i H(tz - t
, )

(u(t
,))

#ential-
Excercises

Ult
,
t) is unitary

-
② Write down an expression for UC , tz)

when H = H(H) is time dependent .



Matrixexponential ⑤

1
eX = [YX *

/Definition

Propres
· co = I

· eX" = (eX)T
· ifY is invertible eYXY" = YeXy "

· [x , Y] = 0 = e* + 1 =e

#ANGER! [47***en]
↓
- commutator !

↳
· [X

, y] = xy - yx

· EX, 43 = X7 + YX + anti-commutator



⑯minologyex
, 2) = 0

we say
X Y commute

~

↳ XY = yX = order of application doesn't
matter

.

-> if EX
,
43 = 0 we

say
XBY anti-commute.
mem

-

Before
moving

on
let's check our soln to

↳ Claim : 14(H) = eiHE
1 + (01) is sol to

↳

Roof :
id : id (ch,

#I /in)
= H14(H)

Fate



#Vote : G

① For all Hermitian operators HB V +, 0
the operator

is unitary
.

such that

u(t) = e

- iHt

S*

② For all unitary operators U(L) there

exists some Hermitian operator H

- i((t)
u(t) =

2

X

Crax : We can think of all unitary evolutions
as

arising
from evolution under some

Hamiltonian H
X

↳
Designing quantum gates means
engineering system Hamiltonians

!

*
Think about

group
SU(m) with lie-algebra succes



#
-Figuringout theHamiltonian ofa
-

with a specific Hamiltonian ,
is

1 not

easy
!

Requires intuition + experiments !

Examples
· magnet
· molecule S Gunsacriment
· laser
· superconductor
· photosynthetic complex

Y

Developing methods to lon Hamiltoniansfrom
system measurements is an active field!

X



Recall that the Hamiltonian H is
⑨

a Hermitian operatorr..

↳ : We can write

↓
normalized eigenvector

3
H = /E: <Eil

↑
real eigenvalues
# HIE :) = EilEi)

We call (Ei) a summarytate :

6 set 14(01) = /Ei)..

14(H : eiH/Ei]

=! (i) * H * (E)
! (i) EF(Ei)

=ciE

↳ Global phase - cannot be observed !



⑪

Observablea tum
mechanics observables are described

byHtionmates acting
ontheto see

=> Given
a Hermitian operator O wa

can always write

0

GEMEEjector onto
mith

eigenspace
·EEr

where IPmE is a valid projective measurement.
Y

By "measure O"we
mean "do the projective

measurement. [PmE".

↳ get eigenvalue Em with prob 11in/47112

T
We often set En = m = 0 : LmP



We will often care about the ⑫
value when

measuring
O

-

average
E(0)

Le call it emmationvalue to↳E(o) = Emper ~
: Em(4/Pml] &nur
= S41 EmPr 14)
=

(41014)

=(10(02)
We also care about the standard deviationn.

[010)]" = (10 - <033)
= (02) - <07 2



Exercise Suppose wa have an observable-

O & 14) is an eigens
take of Owith eigenvale

m what is (02 & 0 (0) when measuring
I ?

Example : 2 = (6 %)

!
=

1(6 % ) - 1(8i)
=1P

,
+ ( - 1) P

..

1

Measure 2"means do the projective measurent
[P
..
P
-,
3

Note :
P

,
(1) = 0 P, 10) = 10)

P.. 11) = (1) P- 10) = 0

if (4) = (t) = / (107 + 117)

(2) =(41214]
= (((01 + x))((0) +17)
= "

2 <010) - ↳(1 / 17

=



Let's
go
back to Hamiltonians.. ⑭

2. Hamiltonians are Hermitian
2: They are observables !

H = -EEil

↳
stationary state

energy eigenstate
when we measure It we yet Ei

with pl) : NIELT1P

↳. The smallest result we can get is

[ Eg = min (i)

C ground state energy !

at OR the system will be in lEgh
: Physically very relevant


